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Abstract
We propose to give positive answers to the open questions: is R(X; Y ) strong S when R(X )
is strong S? is R stably strong S (resp., universally catenary) when R[X ] is strong S (resp.,
catenary)? in case R is obtained by a (T; I; D) construction. The importance of these results is
due to the fact that this type of ring is the principal source of counterexamples. Moreover, we
give an answer to the open questions: is R〈X1; : : : ; Xn〉 residually Ja8ard (resp., totally Ja8ard)
when R(X1; : : : ; Xn) is ? We construct a three-dimensional local ring R such that R(X1; : : : ; Xn) is
totally Ja8ard (and hence, residually Ja8ard) whereas R〈X1; : : : ; Xn〉 is not residually Ja8ard (and
hence, not totally Ja8ard).
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
All rings considered in this paper are assumed to be commutative with identity. The
unde>ned terminology is standard as in [9].
A ring R is strong S if, for each consecutive pair p ⊂ q of primes in R, the
extended primes p[X ] ⊂ q[X ] are consecutive in R[X ]. The class of strong S-rings is
stable under localization and quotient but not under polynomial extensions. A stably
strong S-ring R is a ring R such that R[n], the ring of polynomials in n indeterminates,
is strong S for any n. Examples of stably strong S-rings are Noetherian and PrBufer
rings.
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A ring R is catenary if for each pair p ⊂ q of primes, all the saturated chains
of primes between p and q have the same >nite length. In the case R is an integral
domain, this is equivalent to the fact that for any consecutive primes p ⊂ q in R,
we have ht q = htp + 1. A ring R such that R[n] is catenary for any n is said to be
universally catenary. Note that if R[X ] is catenary or strong S then so is R, and if R[X ]
is catenary then R is strong S. Thus, universally catenary rings are stably strong S.
Examples of universally catenary rings are PrBufer rings and >nitely generated algebras
over a >eld.
Recall that, a >nite-dimensional ring R is said to be Ja2ard if dim R[n]=dim R+ n,
for all n, or equivalently dim R=dimv R, residually Ja2ard if the quotient of R by any
prime p is Ja8ard, locally Ja2ard if the localization of R at any prime p is Ja8ard and
lastly totally Ja2ard if any quotient of any localization (equivalently any localization
of any quotient) is Ja8ard. Note that for >nite-dimensional rings, totally Ja8ard ⇒
locally Ja8ard ⇒ Ja8ard and totally Ja8ard ⇒ residually Ja8ard ⇒ Ja8ard.
Strong S, catenary and Ja8ard rings have been deeply studied for a number of years,
so many useful and important properties of such rings are known. Because of this, they
have played an important role in many research problems in commutative algebra.
Let R be a ring and denote by R[n] the ring of polynomials in n indeterminates with
coeJcients in R (for n=1, R[1]=R[X ] is the ring of polynomials in one indeterminate).
For f∈R[X ], denote by c(f) the content of f, that is, the ideal of R generated by the
coeJcients of f. Let U = {f∈R[X ]; f is monic} and S = {f∈R[X ]; c(f) = R} =
R[X ]\⋃M∈Max R M [X ]. U and S are multiplicatively closed subsets of R[X ], and
R〈X 〉 = R[X ]U (resp., R(X ) = R[X ]S) is the Serre conjecture ring (resp., Nagata
ring) in one indeterminate. The ring R(X ) is very useful in commutative algebra. As
a faithfully Kat extension of R, it shares many of the properties of R. In addition,
it satis>es several other useful properties which facilitate proving many results on R
via passage to R(X ). Also, the ring R〈X 〉 received a considerable amount of attention
due to its role in Quillen’s solution to Serre’s conjecture [13]; and the non-Noetherian
extensions of this conjecture [5,11].
By induction, the rings R(X1; : : : ; Xn) and R〈X1; : : : ; Xn〉 are de>ned as R(X1; : : : ; Xn)=
R(n) = R(X1; : : : ; Xn−1)(Xn) and R〈X1; : : : ; Xn〉 = R〈X1; : : : ; Xn−1〉〈Xn〉. The ring
R〈X1; : : : ; Xn〉 (resp., R(n)) is said to be the Serre conjecture ring (resp., Nagata ring)
in n indeterminates over R. Note that contrary to R(X1; : : : ; Xn), the order of indetermi-
nates is, in general, pertinent in the de>nition of R〈X1; : : : ; Xn〉. That is, R(X1; : : : ; Xn)=
R(X(1); : : : ; X(n)) for each permutation  of {1; 2 : : : ; n}, but R〈X1〉〈X2〉 need not be
equal to R〈X2〉〈X1〉. If the order of indeterminates has no inKuence, R〈X1; : : : ; Xn〉 is
denoted by R〈n〉. Observe that R〈n〉 is a localization of R[n], R(n) is a localization of
R〈n〉 and that we always have R[n] ⊂ R〈n〉 ⊆ R(n).
In [3, Question 2.10], the authors asked the following question: is R(2) strong S
when R(1) is strong S?
Recall also two closely related questions: is R[X; Y ] strong S (resp., catenary) when
R[X ] is strong S (resp., catenary)?
In paragraphs 2 and 3, we give positive answers to these questions in case R is
obtained by a (T; I; D) construction (see [6,7]). Note that this type of pull-back con-
struction has been very useful in commutative algebra since it is the principal source
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of examples and counterexamples for questions related to chains of prime ideals in
polynomial rings (see for examples [1–3,8,10,12,15,16]).
Paragraph 4 represents a second part of [16]; we prove that the >rst example con-
structed in [16] gives a complete negative answer to [8, Question 2.8]: is R〈n〉 residually
Ja8ard (resp., totally Ja8ard, strong S) if and only if R(n) is? In fact, in [16, The >rst
example], we only solved the questions for the strong S property. In order to avoid
repetition of some details, we assume that the reader is familiar with gluing techniques
and has a copy of [16] in hands.
We use “ ⊂” to denote proper containment. Transcendence degrees play an important
role in our results; if A ⊆ B are two domains, we denote t:d [B :A] the transcendence
degree of the >eld of fractions of B over that of A.
2. The rings R(X1) and R(X1; X2)
All rings considered in this paragraph are integral domains and >nite-dimensional.
The most famous example constructed by gluing techniques is certainly Nagata’s
example [12]. The basic idea of the construction is to consider two maximal ideals
M1 and M2 of di8erent heights of a domain T and to “ glue” them in the sense of
constructing a subring R of T that satis>es the following two properties: T is integral
over R and M1 ∩ R =M2 ∩ R. After Nagata, many authors have used his gluing pro-
cess to solve problems of various kind, especially which deal with chains of primes
in polynomial rings. In [6], Cahen, has explained in a simple but clever way the glu-
ing process (pull-back constructions) and performed some results. Until now, pull-back
constructions are the unique eJcient way to construct counterexamples for questions
related to chains of primes in polynomial rings. Surely, the most delicate problems deal
with the ascent of properties (strong S, catenary, coherent,: : :) from R[X ] to R[X; Y ].
This fact is attested by the number of conjectures generated by this kind of problem.
The following result is a partial answer to the open question [3, Question 2.10]: is
R(2) strong S when R(1) is strong S?
Proposition 1. Let R be a ring obtained by a (T; I; D) construction; where T is a
Pr7ufer domain; I is the intersection of a 8nite number n¿ 1 of maximal ideals
M1; : : : ; Mn of T ; and D is a subring of T=I 
∏n
i=1 T=Mi such that D
′ is a Pr7ufer
Domain. Then
(a) R(1) is strong S if and only if for each 16 i6 n; t:d [T=Mi :D]6 1.
(b) If R(1) is strong S then so is R(2).
First recall Cahen’s lemma [6, Proposition 4] which plays an important role in
this paper. Note that this lemma holds even for polynomial rings since if R is ob-
tained by a (T; I; D) construction then R[X ] can be seen as the ring obtained by the
(T [X ]; I [X ]; D[X ]) construction.
Lemma. Let R be a ring obtained by a (T; I; D) construction and P0 ⊂ · · · ⊂ Pn
a chain of primes in R such that Pn is minimal among primes of R containing I and
Pn−1; then this chain lifts in T .
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Proof of Proposition 1. (a) For the “ if” half; suppose that there exists a pair P ⊂ Q
of consecutive primes in R[X ] surviving in R(X ) such that P[Y ] ⊂ Q[Y ] are not
consecutive in R[X; Y ]. Since Q survives in R(X ); there exists a maximal ideal m in
R such that Q ⊆ m[X ].
It is of interest to recall that the primes of R are either the intersections of primes
of T or those corresponding to primes of D, that is, containing I . Moreover, the only
primes lifting I in T are the Mi’s.
The case I ⊆ p = P ∩ R is impossible since the chain P ⊂ Q would lift in D[X ]
which is strong S(∗).
If Q ∩ R did not contain I then we would have RQ∩R = TQ∩R [6, Proposition 0] in
contradiction with the fact that T [X ] is strong S. Thus, I ⊆ Q∩R. The case I ⊂ Q∩R
is impossible since Q would be minimal for containing I [X ] and P (by virtue of (∗)
and the fact that P ⊂ Q are consecutive), and consequently, by [6, Proposition 4], the
chain P ⊂ Q would lift in T [X ], in contradiction with the fact that Q ∩ R does not
lift in T . Thus, Q ∩ R= I and Q= I [X ] since in D[X ], the prime Q=I [X ] is contained
in the extended prime (m=I)[X ] and thus it is not an upper to (0) (D′ is PrBufer) [9,
Proposition 19.15].
Since p = P ∩ R ⊂ I , then replacing P ⊂ Q by P=p[X ] ⊂ Q=p[X ] and R by R=p
which derives from a pull-back construction of the same type as R [7, p. 132] (with
restriction to maximal ideals of T containing the unique prime ideal in T lying over
p), we may assume that p= (0).
It follows that we have only to treat the case P ∩ R= (0) and Q = I [X ].
Denote by P a prime ideal of R[X; Y ] contained properly in between P[Y ] and
I [X; Y ]. By [6, Proposition 4], the chain P[Y ] ⊂ P ⊂ I [X; Y ] lifts in T [X; Y ] as a
saturated chain of primes P′[Y ] ⊂ P′′ ⊂ Q′′ (it suJces to take Q′′ minimal among
primes of T [X; Y ] containing P′′ and lifting I [X; Y ]). Notice that P′ and P′′ are unique
since there is a correspondence between primes of R[X; Y ] and T [X; Y ] not containing
I [X; Y ]. Setting Q′ = Q′′ ∩ T [X ], the chain P′ ⊂ Q′ lies over P ⊂ I [X ] in R[X ].
Denoting Mi=Q′∩T , Q′ is an upper to Mi since there is no upper to (0) contained in
Mi[X ] (T is PrBufer). Moreover, the chain P′ ⊂ Q′ is saturated since, on the one hand,
there is no prime between P′ and Q′ lying over I [X ] and, on the other hand, there is
a correspondence between primes of T [X ] and R[X ] not containing I [X ]. It follows
that the extended primes P′[Y ] ⊂ Q′[Y ] are consecutive in T [X; Y ] as T is stably
strong S. Thus, Q′′ is an upper to Q′ and we have the proper containments Mi[X; Y ] ⊂
Q′[Y ] ⊂ Q′′. In (T=Mi)[X; Y ], all the chain (0) ⊂ Q′[Y ]=Mi[X; Y ] ⊂ Q′′=Mi[X; Y ]
lies over (0) in (R=I)[X; Y ], and so it corresponds to a length 2 chain of primes in
(T=Mi) ⊗R=I (R=I)(X; Y ). By virtue of [14, Theorem], dim((T=Mi) ⊗R=I (R=I)(X; Y )) =
min{t:d[T=Mi :R=I ]; 2}, and thus t:d[T=Mi :R=I ]¿ 2, the desired conclusion.
Conversely, assume that t:d[T=M1 :R=I ]¿ 2.
We begin with the case n = 1, that is I = M1. It is clear that if we take a and b
in T such that Ra and Rb are algebraically independent in T=M1 over R=I and q a prime
ideal of T (and thus also of R) such that q ⊂ M1 are consecutive, then the primes
P=(q[X ]+ (X − a)T [X ])∩R[X ] ⊂ I [X ] are consecutive in R[X ], whereas in R[X; Y ],
we have the inclusions P[Y ] ⊂ (q[X; Y ] + (X − a; Y − b)T [X; Y ]) ∩ R[X; Y ] ⊂ I [X; Y ].
It follows that R(X ) is not strong S.
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Suppose n¿ 2. Since M1 +
⋂n
i=2 Mi = T , we can choose a and b in
⋂n
i=2 Mi such
that Ra and Rb are algebraically independent in T=M1 over R=I . Let q be a prime ideal
of T such that q ⊂ M1 are consecutive.
We claim that the chain P = (q[X ] + (X − a)T [X ]) ∩ R[X ] ⊂ I [X ] is saturated.
By [6, Proposition 4], this chain lifts in T [X ] as q[X ]+(X−a)T [X ] ⊂ Q. Necessarily,
Q ∩ T =M1, since if not, we would have X ∈Q ∩ R[X ] = I [X ]. Hence Q is an upper
to M1,
htQ= htM1[X ] + 1(the special chain theorem [9;Theorem 30:18])
= ht q[X ] + 2(T [X ] is catenary)
= ht (q[X ] + (X − a)) + 1; proving that P ⊂ I [X ] are consecutive:
In R[X; Y ], we have the inclusions P[Y ] ⊂ (q[X; Y ]+(X −a; Y −b)T [X; Y ])∩R[X; Y ] ⊂
I [X; Y ], and consequently R(X ) is not strong S.
(b) Suppose that R(2) is not strong S. Then, there exist two consecutive primes
P ⊂ Q in R[X; Y ] surviving in R(X; Y ) such that P[Z] ⊂ Q[Z] are not consecutive in
R[X; Y; Z], where X; Y; Z stand for three independent indeterminates over R. As in the
proof of (a), we can suppose that P ∩ R= (0), and the only possibility is Q= I [X; Y ].
Let Q be a prime ideal in R[X; Y; Z] such that P[Z] ⊂ Q ⊂ Q[Z]. This chain lifts in
T [X; Y; Z] as a saturated chain of primes P′[Z] ⊂ Q′′ ⊂ Q′′. Denote by Q′=Q′′∩T [X; Y ],
Q′=Q′′ ∩T [X; Y ] and Mi=Q′ ∩T . Necessarily, Mi[X; Y ] ⊂ Q′ since there is no upper
to (0) contained in Mi[X; Y ].
If Q′′ is extended, that is Q′′ = Q′[Z], then ht (Q′[Z]=P′[Z]) = 2 = ht (Q′=P′) (T is
universally catenary) and thus, there exists a prime ideal J in T [X; Y ] such that P′ ⊂
J ⊂ Q′. The case J ∩T ⊂ Mi is impossible since we would have P ⊂ J ∩R[X; Y ] ⊂ Q.
Thus, J ∩ R = I and J ∩ R[X; Y ] = I [X; Y ]. Since P′ ⊂ J then Mi[X; Y ] ⊂ J and we
have the inclusions Mi[X; Y ] ⊂ J ⊂ Q′ with Q′ ∩ R[X; Y ] = J ∩ R[X; Y ] = Mi[X; Y ] ∩
R[X; Y ] = I [X; Y ]. It follows that dim((T=Mi)⊗R=I (R=I)(X; Y )) = 2 and hence by [14,
Theorem], t:d [T=Mi :R=I ]¿ 2.
If Q′′ is an upper to Q′[Z], then we have the inclusions Mi[X; Y; Z] ⊂ Q′[Z]
⊂ Q′′. Thus, dim((T=Mi) ⊗R=I (R=I)(X; Y; Z))¿ 2 and hence by [14, Theorem],
t:d[T=Mi :R=I ]¿ 2. The conclusion follows from (a).
3. The rings R[X1] and R[X1; : : : ; Xn]
All rings considered in this paragraph are integral domains and >nite-dimensional.
As in the second paragraph, we give a contribution to the study of two famous conjec-
tures on chains of primes in polynomial rings: is R stably strong S (resp., universally
catenary) when R[X ] is strong S (resp., catenary)?
Proposition 2. Let R be a ring obtained by a (T; I; D) construction; where I is the
intersection of a 8nite number n¿ 1 of maximal ideals M1; : : : ; Mn of a domain T ;
and D a subring of T=I ∏ni=1 T=Mi.
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(1) We suppose that both T and D are universally catenary. Then, the following
assertions are equivalent:
(i) R[X ] is catenary,
(ii) htM1=htM2=· · ·=htMn and t:d [T=M1 :D]=t:d [T=M2 :D]=· · ·=t:d [T=Mn :D]=0,
(iii) R is universally catenary.
(2) We suppose that both T and D are stably strong S. Then, the following asser-
tions are equivalent:
(i) R[X ] is strong S,
(ii) t:d[T=M1 :D] = t:d[T=M2 :D] = · · ·= t:d[T=Mn :D] = 0,
(iii) R is stably strong S.
Proof. (1) (i) ⇒ (ii). If htM1=htM2= · · ·=htMn=1 then necessarily t:d[T=M1 :D]=
t:d[T=M2 :D] = · · ·= t:d[T=Mn :D] = 0 since R is strong S [7; Proposition 6].
If for each 16 i6 n, htMi¿ 2, then htM1=htM2= · · ·=htMn since R is catenary,
and t:d[T=M1 :D] = t:d[T=M2 :D] = · · ·= t:d[T=Mn :D] = 0 since R is strong S.
We will prove that the case where there exist 16 i6 n such that htMi = 1 and
16 j6 n, htMj¿ 2 is impossible. For, by way of contradiction, suppose htM1 = 1
and htM2¿ 2.
Since M1 +
⋂n
i=2 Mi=T , we can choose t ∈
⋂n
i=2 Mi and t
′ ∈M1 such that t+ t′=1.
We claim that P = ((X − t)T [X ]) ∩ R[X ] ⊂ Q = (M1[X ] + (X − t)T [X ]) ∩ R[X ] are
consecutive in R[X ]. For this aim, suppose that there exists a prime ideal J in R[X ]
such that P ⊂ J ⊂ Q. Two cases may arise:
• If J contains I ; since Q is an upper to I , we would have J = I [X ]. However, the
polynomial
g= (X − t)(X − t′) = X 2 − (t + t′)X + tt′ = X 2 − X + tt′;
is such that g∈P and g ∈ I [X ]. This provides a contradiction.
• If J does not contain I ; by [6, Proposition 4], the chain P ⊂ J ⊂ Q lifts in T [X ] as
P′=(X − t)T [X ] ⊂ J ′ ⊂ Q′. Thus htQ′¿ 3, and necessarily ht (Q′∩T )¿ 2. Hence,
there exists 26 i6 n such that Q′ ∩ T =Mi. However, we have X − t ∈Q′, t ∈Mi,
and a fortiori X ∈Q = Q′ ∩ R[X ]. Thus, we would have t ∈M1, a contradiction.
Since htQ = ht I [X ] + 1¿ 3¿ ht P + 1 = 2, we deduce that R[X ] is not catenary, a
contradiction.
(ii) ⇒ (iii). Let P ⊂ Q be two consecutive primes in R[k], k¿ 1. We should handle
the following cases:
• Q does not contain I ; then htQ=ht P+1 since RQ∩R = TQ∩R and T [k] is catenary.
• I ⊆ Q ∩ R; we >rst prove that htQ= ht I [k] + ht (Q=I [k]). For, let (0) =Q0 ⊂ Q1 ⊂
· · · ⊂ Qr=Q be a chain of primes in R[k] with length r=htQ. Necessarily there exists
16 j6 r such that Qj is minimal among primes of R[k] containing I [k] and Qj−1.
The chain (0)=Q0 ⊂ Q1 ⊂ · · · ⊂ Qj lifts in T [k] as (0)=Q′0 ⊂ Q′1 ⊂ · · · ⊂ Q′j. Thus,
I ⊆ Q′j and there exists 16 l6 n such that Q′j∩T=Ml. It follows that Qj∩R=I and
by the special chain theorem [9, Theorem 30.18], htQj=ht I [k]+ht (Qj=I [k]). Thus,
htQ = htQj + ht (Q=Qj) = ht I [k] + ht (Qj=I [k]) + ht (Q=Qj)6 ht I [k] + ht (Q=I [k]),
the reverse inequality always holds.
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If besides I ⊆ P ∩ R, then the equalities ht P = ht I [k] + ht (P=I [k]), htQ= ht I [k] +
ht (Q=I [k]) and ht (Q=I [k])=ht (P=I [k])+1 (D[k] is catenary) imply that htQ=ht P+1.
• P does not contain I and Q ∩ R = I ; the chain P ⊂ Q lifts in T [k] as P′ ⊂ Q′.
Setting Mi = Q′ ∩ T and denoting by K the >eld of fractions of D, (Q′=Mi[k]) is
a prime ideal of (T=Mi)[k] lying over (QI =IRI [k]) in K[k]. Since K[k] is integrally
closed and (T=Mi)[k] is integral over K[k], then the extension K[k] ⊆ (T=Mi)[k]
is both going-up and going-down [4, Corollaire 2.2.V and ThTeorUeme 3.2.V], and
consequently ht(Q′=Mi[k]) = ht (Q=I [k]). From the special chain theorem, we have
htQ = ht I [k] + ht (Q=I [k]) = ht I + ht (Q=I [k]) = htMi + ht (Q′=Mi[k]) = htMi[k] +
ht (Q′=Mi[k])=htQ′. Note that ht I=dim RI=dimv RI=supj∈N ht I [j]=htMi=htv Mi=
supj∈N htMi[j] [7, Proposition 4]. Furthermore, since RQ∩R=TQ∩R, then ht P=ht P
′.
Since T [k] is catenary, we have htQ′ = ht P′ + 1 and hence htQ = ht P + 1.
(2) (i)⇒ (ii). By [7, Proposition 6], either if htM1 = htM2 = · · ·=htMn =1 or for
each 16 i6 n, htMi¿ 2, we have t:d[T=M1 :D]=t:d[T=M2 :D]= · · ·=t:d[T=Mn :D]=0
since R is strong S.
If htM1 = 1 and htM2¿ 2. It is clear that t:d[T=M2 :D] = 0 since R is strong
S. We want to prove that t:d[T=M1 :D] = 0. By way of contradiction, suppose that
t:d[T=M1 :D]¿ 1. Since M1+
⋂n
i=2 Mi=T , we can choose t ∈
⋂n
i=2 Mi and t
′ ∈M1 such
that t+ t′=1. As in (1), P=((X − t)T [X ])∩R[X ] ⊂ Q=(M1[X ]+(X − t)T [X ])∩R[X ]
are two consecutive primes in R[X ]. This chain lifts as P′=(X−t)T [X ] ⊂ Q′=M1[X ]+
(X − t)T [X ] in T [X ]. Since Q′ is an upper to M1 and Q is an upper to I we have
t:d:[T [X ]=Q′ :R[X ]=Q] = t:d:[T=M1 :R=I ] = t:d:[T=M1 :D]¿ 1:
Using [6, Lemme 6], we conclude that ht (Q[Y ]=P[Y ])¿ 2 and hence R[X ] is not
strong S, a contradiction.
(ii) ⇒ (iii). Let P ⊂ Q be two consecutive primes in R[k]. As in (1), the non im-
mediate case is P∩R ⊂ I =Q∩R. By way of contradiction, suppose that there exists a
prime ideal J in R[k +1] such that P[Xk+1] ⊂ J ⊂ Q[Xk+1] (J ∩R[k] =P). This chain
lifts in T [k + 1] as a saturated chain of primes P′[Xk+1] ⊂ J ′ ⊂ Q′′ (P′ is the unique
prime ideal of T [k] lying over P). Denoting Q′=Q′′∩T [k], if there was a prime ideal
P in T [k] such that P′ ⊂ P ⊂ Q′, then P∩R[k]=Q since there is a correspondence be-
tween primes of R[k] and T [k] not containing I [k]. Thus, denoting Mi=P∩T=Q′∩T ,
P=Mi[k] ⊂ Q′=Mi[k] are two primes in (T=Mi)[k] lying over Q=I [k] in (R=I)[k], in con-
tradiction with the incomparability of integral extensions. It follows that P′ ⊂ Q′ are
consecutive in T [k], and consequently P′[Xk+1] ⊂ Q′[Xk+1] are consecutive in T [k+1]
(T is stably strong S). Hence Q′[Xk+1] ⊂ Q′′ and Q′[Xk+1]=Mi[k + 1] ⊂ Q′′=Mi[k + 1]
are two primes in (T=Mi)[k+1] lying over Q[Xk+1]=I [k+1] in (R=I)[k+1], in contra-
diction with the incomparability of integral extensions. We conclude that R[k] is not
strong S.
4. The rings R〈X1; : : : ; Xn〉 and R(X1; : : : ; Xn)
This paragraph can be thought as a continuation of [16].
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Example 3. We take again [16; The >rst example].
With the same hypotheses and notations as in [16, The >rst example], we prove that
R(n) is totally Ja8ard whereas R〈n〉 is not residually Ja8ard.
(a) We prove that R(n) is totally Ja8ard.
Let P ⊂ Q be two primes of R[n] such that Q ⊆ m[n], that is surviving in R(n).
• If P ∩ R = I then, since D is stably strong S, P = I [n], Q = m[n] and htv(Q=P) =
htv(m=I) = dimv D = dimD = 1 = ht (Q=P).
• If Q ∩ R ⊂ I then htv(Q=P) = ht(Q=P) since RQ∩R = TQ∩R and T [n] is totally Ja8ard
(since T is stably strong S).
• If P ∩ R= p, then by virtue of the proof of [7, Proposition 6], we have ht (I=p) =
dim(R=p)I=p=dimv(R=p)I=p=1=htv(I=p)=ht (I=p)[k]=ht (I [k]=p[k]) for all k ∈N.
Thus, P = p[n], ht (m[n]=p[n]) = ht(m=p) = htv(m=p) = 2 = htv(m[n]=p[n]) and
htv(I [n]=p[n]) = htv(I=p) = 1 = ht(I [n]=p[n]).
It remains only to deal with the case P ∩ R= (0) and Q = I [n] or Q = m[n].
In fact, in the case Q = m[n], if P = P0 ⊂ P1 ⊂ · · · ⊂ Ph = Q = m[n] is a chain of
primes in R[n] with length h = ht (Q=P), since Ph = m[n] does not lift in T [n], it is
not minimal among primes of R[n] containing I [n] and Ph−1 [6, Proposition 4], then
Ph−1 = I [n]. It follows that ht(m[n]=P) = ht(m[n]=I [n]) + ht (I [n]=P) = 1 + ht(I [n]=P),
and in the same way htv(m[n]=P) = htv(m=I) + htv(I [n]=P) = 1 + htv(I [n]=P). Our task
is then reduced to treat the case P ∩ R= (0) and P ⊂ I [n] = Q.
Let P = P0 ⊂ P1 ⊂ · · · ⊂ Pr−1 ⊂ Pr = I [n] be a saturated chain of primes in
R[n] with length r = ht (I [n]=P). Necessarily, Pr−1 ∩ R = (0) (since p[n] ⊂ I [n] are
consecutive and there is no upper to (0) contained in p[n]) and as in [16, p. 193],
(R \ {0})−1Pr−1 is maximal among primes of F[n] lying over (0) in (RI =IRI )[n], and
ht Pr−1 = n. Since F[n] is catenary, ht (Pr−1=P) = ht Pr−1 − ht P = n − ht P. Thus,
ht (I [n]=P)=1+ht(Pr−1=P)=1+n−ht P. For k¿ n, ht (I [n]=P)[k−n]=ht (I [k]=P[k−
n])6 ht I [k] − ht P[k − n] = 1 + n − ht P[k − n] = 1 + n − ht P, and consequently
htv(I [n]=P) = ht(I [n]=P) = 1 + n− ht P.
(b) we prove that R〈n〉 is not residually Ja8ard.
Recall that in [16, The >rst example], we consider the primes:
P = (X1 − a1; : : : ; Xn−1 − an−1; xXn − t)T [n] ∩ R[n]
and
Q =
{
f∈R[n] such that f
(
X1; : : : ; Xn−1;
t
x
)
∈M [n− 1]T [n− 1]M [n−1]
}
:
P and Q are two consecutive primes of R[n] surviving in R〈n〉.
We claim that R〈n〉=PR〈n〉 is not Ja8ard.
We >rst remark that dim(R〈n〉=PR〈n〉)6 dim R〈n〉 − ht P= n+2− n=2. Moreover,
P is not contained in m[n]. Indeed, by way of contradiction, assume that P ⊂ m[n].
Since m[n] does not lift in T [n], it is not minimal for containing P and I [n]. It follows
that P ⊂ I [n] ⊂ m[n]. But the polynomial
g= (xXn − t)(xXn − t′) = x2X 2n − xXn + tt′
is such that g∈P and g ∈ I [n], a contradiction.
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Hence, prime ideals of R[n] properly containing P and surviving in R〈n〉 lie over p or
I . If P was contained in a prime ideal J of R[n] lying over p, then since Rp=Tp=Tq,
(X1 − a1; : : : ; Xn−1 − an−1; xXn − t) ⊂ Jp, xXn − t ∈ Jp, and Xn ∈ Jp ∩ R[n] = J , and
consequently J does not survive in R〈n〉.
Thus, prime ideals of R[n] properly containing P and surviving in R〈n〉 lie necessarily
over I .
Let P1 and P2 be two primes of R[n] surviving in R〈n〉 and lying over I such
that P ⊂ P1 ⊆ P2 and P ⊂ P1 are consecutive. P1 can not be equal to I [n] since
the polynomial g above is such that g∈P and g ∈ I [n]. The chain P ⊂ P1 lifts in
T [n] as P′ = (X1 − a1; : : : ; Xn−1 − an−1; xXn − t) ⊂ Q1. If Q1 was an upper to N , then
Q1 =N [n]+(X1−a1; : : : ; Xn−1−an−1; xXn− t)T [n]. But, since t ∈ q ⊂ N , then xXn ∈Q1
and Xn ∈P1, in contradiction with the fact that P1 survives in R〈n〉. Thus, P1 ∩T =M ,
Q1 =M [n] + (X1 − a1; : : : ; Xn−1 − an−1; xXn − t)T [n], Q′ =M [n] + (xXn − t)T [n] ⊆ Q1
and P1 = Q = {f∈R[n] such that f(X1; : : : ; Xn−1; t=x)∈M [n − 1]T [n − 1]M [n−1]}. As
shown in [16, The >rst example], P[Xn+1] ⊂ Q[Xn+1] are not consecutive in R[n+ 1],
that is, there exists a prime ideal J in R[n + 1] such that we have the inclusions
P[Xn+1] ⊂ J ⊂ Q[Xn+1] = P1[Xn+1] ⊆ P2[Xn+1]. Since dim R〈n + 1〉 = n + 2 and
ht P = ht P[Xn+1] = n, then P1 = P2 = Q.
We conclude that R〈n〉=PR〈n〉 has only two primes (0) and QR〈n〉=PR〈n〉.
Since ht (Q[Xn+1]=P[Xn+1])=2, then dim(R〈n〉=PR〈n〉)[Xn+1]=3 =2 and R〈n〉=PR〈n〉
is not Ja8ard.
Note added in proof
Ben Nasr and Jarboui have now given a counterexample showing that in the general
case, contrary to the situation treated in our Proposition 2, R need not be universally
catenary when R[x] is catenary (in J. Algebra 248 (2002) 785–789).
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